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B.2.4 Example 1. L-shape domain problem

The rst numericalexampledealswith a problemwhoseexactsolutionu is known. The
adwantageof suchexamplesis that the approximationerror e, (X) = u(X)  Upp(X)
canbe calculatedexactly in the wholedomain . We considera domain R? with a
re-entrantorner shovnin Fig. B.2.

1

FigureB.2 GeometrEyof the L-shapedomain.

Solwedistheequation u= 0in , equippedvith theDirichlet boundaryconditions
u(x) = R(x)**sin(2 (x)=3+ =3) forallx 2 @:

HereR(x) and (x) arethestandardphericatoordinate$n the plane.Theexactsolution
hastheform

u(x) = R(x)*®sin(2 (x)=3+ =3) forallx 2
The magnitudeof the gradientjr uj of the exactsolution(whosecalculationis left to the
readeras an exercise)hasa singularity at the re-entrantcorner This behaior is usual
for second-ordeelliptic problemsin domainswith re-entrantcorners,andit makestheir
numericakolutionchallenging.This phenomenorgespitebeingverylocal,is asigni cant
sourceof error. Theerrorcanbemeasuredn avarietyof differentways. TheH 1-norm

Z
kenpkni()y = ju Unpji®+jru r uppj?dx

[N

is a naturalchoicefrom the point of view of the weakformulationof the problem. The
L! -norm

Kenpkis () = Supju(x)  unp (I;

on the other hand, gives the maximumdifferenceof u andup,,. We usethe H *-norm
in whatfollows. The problemwassolvedtwice, usingthe piecavise-linearFEM andthe
hp-FEM. In bothcasest wasour goalto attainthe bestpossibleaccurag usingthefewest
possibledegreesof freedom. The solution, gradientof the solutionandthe meshesare
shavn in Figs. B.3 — B.7. After thatwe comparethe ef ciency of the piecavise-linear
FEM andthehp-FEM in TableB.1.
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FigureB.3 Theexactsolutionof the L-shapedomainproblem.

FigureB.4 Detailview of jr uny j atthere-entrantcorner(zoom= 70).



THE HIGH-PERFORMANCE MODULAR FEM SYSTEM HERMES 451

Cells
P_degree
s

a7
- 44

- 41

— 38

Figure B.5 The hp-mesh. Large ®fth-order elementsare usedfar from the singularity small
guadraticelementover thevicinity of there-entrantorner

FigureB.6 Thehp-mesh- detail of there-entrantorner(zoom= 70).
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Figure B.7 The piecavise-linearmesh. This meshwasuniformly re®nedfor the computationin
orderto reachtheprescribecaccurag (eachedgewassubdvidedinto 60).

An ef ciency comparisorof thepiecavise-lineat=EM andhp-FEM is shavn in TableB.1.

Both computationsaswell asall othercomputationsshawvn in the following, were per

formedusingour modularFEM systemHERMESunderidenticalconditionson a desktop
Linux PCwith a3 GHz Pentium4 processoand2 GB of memory The piecavise-linear
FEM wasobtainedby settingthe polynomialdegreeto p := 1in all elements.

linearelements hp-elements

DOF 143161 839
Error 0.1876% 0.1603%
Iterations 421 30
CPUtime 2.1min. 0.35sec.

TableB.1 Comparisorof thenumberof DOF, relative errorin theH *-norm,numberof
iterationsof the matrix solver andthe CPU-time.

Acknowledgment We usethefollowing public-domainsoftwaretools:

Thetriangularmeshgeneratoiriangle[107] by RichardShevchuk
(seehttp://www-2.cs .cmu. edw/~ quake/t ria ngle. html)

Thevisualizationtool GeneraMeshViewer (GMV) by FrankOrtega
(seehttp://www-xdiv .la nl.go v/ XQM/gmVGM/Hbmeh tml )
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B.2.5 Example 2: Insulator problem

This time it is our goal to calculatethe distribution of the electric eld inducedby an
insulatedconductorin the vicinity of a point wherethe conductorleavesthe wall. The
computationatiomain R? correspondingdo this axisymmetrigproblemis depictedn
Fig. B.8.
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Figure B.8 Computationatomain(all measuresrein millimeters).

Thewall itself, wherewe arenotinterestedn thesolution,is notincludedin thedomain
. The sameholdsfor the conductorat the horizontalaxis of symmetry Both the wall
and the conductorare handledvia suitableboundaryconditions(to be de ned below).
The hatchedsubdomain representsghe insulatorwith the relative permittivity
r = 10. Therelative permittivity in therestof thedomainis , = 1. Thisproblemis more
dif cult comparedo the previousone,becausén additionto a re-entranicornerthereis
a materialinterfacein the domainalongwhich the electric eld E is discontinuoudi.e.,
acrosswhichthe scalarpotential' hasasigni cant jumpin thederivative). Solvedis the
standargotentialequatiorof electrostatic$7.27)in cylindrical coordinatesequippedvith
thefollowing boundaryconditions:

''= 220V  on q;

=0V on 4[ s

and

@

— =0 on o[ 3[ e

@
Againwe compardaheresultsobtainedoy meanf thepiecavise-lineatr-EM andhp-FEM.
The solution,gradientof the solutionandthe meshesareshavn in Figs. B.9—B.13. An
ef ciency comparisoris presentedn TableB.2.
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Figure B.9 Solutionof theinsulatorproblem(electricpotential' ).
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FigureB.10 Detailof thesingularityof jEj = j r ' jatthere-entrantornerandthediscontinuity
alongthe materialinterface(zoom= 1000).
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FigureB.11 Thehp-mesht globalview. Large®fth-orderelementareusedarfromthesingularity
and materialinterface, small quadraticelementsare placedcloseto the re-entrantcornerand the
materialinterface

FigureB.12 Thehp-mesht detail of there-entrantorner(zoom= 1000).
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Figure B.13 The piecavise-linearmesh.This meshwasuniformly re®nedfor the computatiorin
orderto achieve therequestedccuray (eachedgewassubdvidedinto 23).

Theef ciency comparisoris shavn in TableB.2.

linearelements hp-elements

DOF 259393 6331
Error 1.617% 1.521%
Iterations 228 60
CPUtime 34 min. 11.58sec.

TableB.2 Comparisorof thenumberof DOF, relative errorin the H *-norm,numberof
iterationsof the matrix solver andthe CPU-time.
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B.2.6 Example 3: Sphere-cone problem

The next problemalsodealswith electrostatics A metallic sphereof the radius200 mm
carriesanelectricpotential' s = 100kV. Thedistanceof the sphereto the groundis 1000
mm. Thereisametallicconel00mmabovethespheravith zeroelectricpotential. Thecone
is 500 mm high andits bottomhasthe radius100 mm. The axisymmetriccomputational
domain isdepictedn Fig. B.14(noticethatthe gure describesheboundaryconditions
used). We solwve the equation(7.27) in cylindrical coordinatesagain,and comparethe
performanceof the piecavise-linearand hp-FEM. The solution, gradientof the solution
andthemeshesareshowvn in Figs. B.15—B.19. An ef ciency comparisoris presentedn
TableB.3.
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Figure B.14 Computationatiomainof thecone-sphergroblem.
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FigureB.15 Solutionof thecone-sphereroblem(theelectricpotential' ).

FigureB.16 Detailof thesingularityof JEj=j r ' j atthetip of thecone(zoom=100,000).
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Figure B.17 The hp-meshz global view. Large seventh-orderelementsare usedfar from the
singularityandsmall quadraticelementsatthetip of thecone.

FigureB.18 Thehp-mesht detailof thetip of thecone(zoom= 100,000).
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Figure B.19 The piecavise-linearmesh.This meshwasuniformly re®nedfor the computatiorin
orderto attainthe prescribedaccuray (eachedgewassubdvidedinto 48).

An ef ciency comparisoris shavn in TableB.3.

linearelements hp-elements

DOF 488542 3317
Error 0.5858% 0.2804%
Iterations 859 44
CPUtime 30min. 10.53sec.

TableB.3 Comparisorof thenumberof DOF, relative errorin the H *-norm,numberof
iterationsof the matrix solver andthe CPU-time.
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B.2.7 Example 4: Electrostatic micromotor problem

Thiscomputations rootedin theconstructiorof electiostaticmicromotos. Thesedevices,
which arecapableof transformingthe electricenegy into motionanalogouslyto standard
electromotorsglo notcontainary coils or electriccircuitsthatcouldbedestrgyedby strong
electromagnetiwvaves. Thegoalof thiscomputatioris a highly-accurat@pproximatiorof
thedistribution of theelectric eld in adomaincontainingtwo electrodesndathin object
placedbetweerthem. The problemis plane-symmetricandFig. B.20 shavs onehalf of
thedomain
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FigureB.20 Computationatiomain(thescalingwasadjustedput truemeasureg millimetersare
provided). The electrodds modeledvia a Dirichlet boundarycondition.

Thegraysubdomain ; representthemoving partof thedevice,while thewhitesubdomain
2 representshe electrodeghatare x ed. The distribution of the electricpotential' is
governedby theequation(7.27),

r (+X)r"'(x)=0 in ;
equippedwith the Dirichlet boundaryconditions
"= 0V on q;
and
"' =50V on 3

Therelative permittivity  is piecavise-constant, = 1in j;and = 10in ,. Wesolwe
the problemtwice, usingthe piecewvise-linearand hp-FEM. The solution,gradientof the
solution,a-posteriorerrorestimatebasen areferencesolution(obtainedon a uniformly
hp-re ned meshyandthemeshegreshovnin Figs. B.21—-B.23. An ef ciency comparison
is presentedn TableB.4.
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Figure B.21 Solutionof the micromotorproblem. Top: electricpotential' (zoom= 1 and6).
Bottom left: detail view of the singularityof JEj = j r ' j atacornerof the electrode(zoom=
1000). Bottomright: Error estimatebasedn areferencesolution(zoom= 1000).
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FigureB.22 Thehp-mesh(zoom=1, 6, 50, 1000). Large sixth-orderelementsaareusedfar from
theelectrodesindsmallquadraticelementsareplacedat there-entrantorners.
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Figure B.23 This piecavise-linearmeshwas uniformly re®nedfor the computationin orderto
achieve therequestedccuray (eachedgewassubdvidedinto 44) (zoom= 1 and6).

An ef ciency comparisons shovnin TableB.4.

linearelements hp-elements

DOF 472384 4511
Error 0.2024% 0.173%
Iterations 387 71
CPUtime 32min. 17 sec.

TableB.4 Comparisorof thenumberof DOF, relative errorin theH L_norm,numberof
iterationsof the matrix solver andthe CPU-time.
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B.2.8 Example 5: Electromagnetics diffraction problem

Thelastexampletakenfrom [76] is concernedvith anelectromagnetidiffractionproblem
inthedomain = ( 10;10)>n(0;10) ( 10;0) with re-entrantorner TheMaxwell's
moduleof HERMES (seeParagraphB.2.3) is employed to discretizethe time-harmonic
Maxwell's equationdy meanf hierarchichp edgeelementsThe edgeelementaisethe
samehp-FEM kernelasthe elliptic modulethat wasdescribedn ParagraphB.2.2. The
technologyof the hierarchicedgeelementss slightly differentfrom the Nedelecelements.
Thehierarchicvectorvaluedshapdunctionsusedn HERMEScanbefoundin [111]. The
referencearansformatior(7.115)derivedin Paragraptv.5.2is usedwithoutchanges.

Theprobleminvolvesperfectperfectconductingpoundaryconditionsontheedgesneet-
ing atthere-entrantorner andimpedancdoundaryconditionsontherestof theboundary
(se€[76] for their exactde nition). The exactsolutionto this problemis givenby

q
E(xX)=r J(r)cos( ); r(x)= x2+x3; (B.8)

wherethesymbolr = (@&@,, @@.)' standsfor thevectorvaluedcurl, = 2=3,
J istheBesseffunctionof the rst kind, and(r; ) arethecylindrical coordinatesn the
plane. The exact solution (whosesingularitywastruncatedor visualizationpurposesj)s
depictedn Fig. B.24. We do not shawv the approximatesolutions sincethey areoptically
identicalto the exactone. Figs. B.25andB.26 showv the hp-meshandlowest-ordemesh
consistingof the Whitney elements An ef ciency comparisoris shavn in TableB.5.

Figure B.24 The exact solutionto the diffraction problem (the magnitudeof the phasorof the
electromagneti®eld jE j). The singularityat the re-entrantcornerwastruncatedfor visualization
purposes.

Thisexamplecanbeusedo makeanotheimportart obsenatiort Theasymptotiexpansion
of theexactsolution(B.8) atr = 0 revealsasingularityO(r 4=%), whichis too strongfor
E to lie in the space[H ()] 2. Thus,gettingbackto whatwe said at the beginning of
Section7.5,no Galerkinsequenceouldbe constructedisingsubspacesf [H ()] 2.
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FigureB.25 Thehp-meshconsistingof hierarchicedgeelements.

FigureB.26 The meshconsistingof the lowest-order(Whitney) edgeelements. This meshwas
uniformly re®nedfor the computationeachedgewassplit into 10).

Whitney edgeelements hp edgeelements

DOF 2586540 4324
Error 0.6445% 0.6211%
CPUtime 21.2min. 2.49sec.

TableB.5 Comparisorof thenumberof DOF, relative errorin theH (curl) -normandthe
CPU-time.



