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B.2.4 Example 1: L-shape domain problem

The�rst numericalexampledealswith a problemwhoseexactsolutionu is known. The
advantageof suchexamplesis that the approximationerror eh;p (x ) = u(x ) � uh;p (x )
canbecalculatedexactly in thewholedomain
 . We considera domain
 � R2 with a
re-entrantcorner, shown in Fig. B.2.
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FigureB.2 Geometryof theL-shapedomain.

Solvedis theequation� � u = 0 in 
 , equippedwith theDirichlet boundaryconditions

u(x ) = R(x )2=3 sin(2� (x )=3 + � =3) for all x 2 @
 :

HereR(x ) and� (x ) arethestandardsphericalcoordinatesin theplane.Theexactsolution
hastheform

u(x ) = R(x )2=3 sin(2� (x )=3 + � =3) for all x 2 
 :

Themagnitudeof thegradientjr uj of theexactsolution(whosecalculationis left to the
readerasan exercise)hasa singularity at the re-entrantcorner. This behavior is usual
for second-orderelliptic problemsin domainswith re-entrantcorners,andit makestheir
numericalsolutionchallenging.Thisphenomenon,despitebeingverylocal,is asigni�cant
sourceof error. Theerrorcanbemeasuredin a varietyof differentways.TheH 1-norm

keh;p kH 1 (
) =
� Z



ju � uh;p j2 + jr u � r uh;p j2 dx

� 1
2

is a naturalchoicefrom the point of view of the weakformulationof the problem. The
L 1 -norm

keh;p kL 1 (
) = sup
x 2 


ju(x ) � uh;p (x )j;

on the otherhand,givesthe maximumdifferenceof u anduh;p . We usethe H 1-norm
in what follows. Theproblemwassolvedtwice, usingthepiecewise-linearFEM andthe
hp-FEM. In bothcasesit wasourgoalto attainthebestpossibleaccuracy usingthefewest
possibledegreesof freedom. The solution,gradientof the solutionand the meshesare
shown in Figs. B.3 – B.7. After that we comparethe ef�ciency of the piecewise-linear
FEM andthehp-FEM in TableB.1.
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FigureB.3 Theexactsolutionof theL-shapedomainproblem.

FigureB.4 Detail view of jr uh;p j at there-entrantcorner(zoom= 70).
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Figure B.5 The hp-mesh. Large ®fth-order elementsare usedfar from the singularity, small
quadraticelementscover thevicinity of there-entrantcorner.

FigureB.6 Thehp-mesh- detailof there-entrantcorner(zoom= 70).
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Figure B.7 Thepiecewise-linearmesh. This meshwasuniformly re®nedfor thecomputationin
orderto reachtheprescribedaccuracy (eachedgewassubdividedinto 60).

An ef�ciency comparisonof thepiecewise-linearFEM andhp-FEM is shown in TableB.1.
Both computations,aswell asall othercomputationsshown in the following, wereper-
formedusingourmodularFEM systemHERMESunderidenticalconditionsonadesktop
Linux PCwith a 3 GHz Pentium4 processorand2 GB of memory. Thepiecewise-linear
FEM wasobtainedby settingthepolynomialdegreeto p := 1 in all elements.

linearelements hp-elements

DOF 143161 839
Error 0.1876% 0.1603%
Iterations 421 30
CPUtime 2.1min. 0.35sec.

TableB.1 Comparisonof thenumberof DOF, relativeerrorin theH 1-norm,numberof
iterationsof thematrix solver andtheCPU-time.

Ackno wledgment We usethefollowing public-domainsoftwaretools:

� ThetriangularmeshgeneratorTriangle[107] by RichardShewchuk
(seehttp://www-2.cs .cmu. edu/~ quake/t ria ngle. ht ml)

� Thevisualizationtool GeneralMeshViewer (GMV) by FrankOrtega
(seehttp://www-xdiv .la nl .go v/ XCM/gmv/GMVHome.h tml )
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B.2.5 Example 2: Insulator problem

This time it is our goal to calculatethe distribution of the electric �eld inducedby an
insulatedconductorin the vicinity of a point wherethe conductorleavesthe wall. The
computationaldomain
 � R2 correspondingto this axisymmetricproblemis depictedin
Fig. B.8.
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FigureB.8 Computationaldomain(all measuresarein millimeters).

Thewall itself,wherewearenotinterestedin thesolution,is not includedin thedomain

 . The sameholdsfor the conductorat the horizontalaxis of symmetry. Both the wall
and the conductorare handledvia suitableboundaryconditions(to be de�ned below).
The hatchedsubdomain
 2 � 
 representsthe insulatorwith the relative permittivity
� r = 10. Therelativepermittivity in therestof thedomainis � r = 1. Thisproblemis more
dif�cult comparedto thepreviousone,becausein additionto a re-entrantcornerthereis
a materialinterfacein thedomainalongwhich theelectric�eld E is discontinuous(i.e.,
acrosswhich thescalarpotential' hasa signi�cant jump in thederivative). Solvedis the
standardpotentialequationof electrostatics(7.27)in cylindricalcoordinates,equippedwith
thefollowing boundaryconditions:

' = 220V on � 1;

' = 0 V on � 4 [ � 5;

and

@'
@�

= 0 on � 2 [ � 3 [ � 6:

Againwecomparetheresultsobtainedbymeansof thepiecewise-linearFEMandhp-FEM.
Thesolution,gradientof thesolutionandthemeshesareshown in Figs. B.9 – B.13. An
ef�ciency comparisonis presentedin TableB.2.
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FigureB.9 Solutionof theinsulatorproblem(electricpotential' ).

FigureB.10 Detailof thesingularityof jE j = j � r ' j atthere-entrantcorner, andthediscontinuity
alongthematerialinterface(zoom= 1000).
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FigureB.11 Thehp-mesh± globalview. Large®fth-orderelementsareusedfarfromthesingularity
andmaterialinterface,small quadraticelementsare placedcloseto the re-entrantcornerand the
materialinterface

FigureB.12 Thehp-mesh± detailof there-entrantcorner(zoom= 1000).
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Figure B.13 Thepiecewise-linearmesh.This meshwasuniformly re®nedfor thecomputationin
orderto achieve therequestedaccuracy (eachedgewassubdividedinto 23).

Theef�ciency comparisonis shown in TableB.2.

linearelements hp-elements

DOF 259393 6331
Error 1.617% 1.521%
Iterations 228 60
CPUtime 34min. 11.58sec.

TableB.2 Comparisonof thenumberof DOF, relativeerrorin theH 1-norm,numberof
iterationsof thematrix solver andtheCPU-time.
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B.2.6 Example 3: Sphere-cone problem

Thenext problemalsodealswith electrostatics.A metallicsphereof the radius200mm
carriesanelectricpotential' s = 100kV. Thedistanceof thesphereto thegroundis 1000
mm. Thereisametalliccone100mmabovethespherewith zeroelectricpotential.Thecone
is 500mm high andits bottomhastheradius100mm. Theaxisymmetriccomputational
domain
 is depictedin Fig. B.14(noticethatthe�gure describestheboundaryconditions
used). We solve the equation(7.27) in cylindrical coordinatesagain,and comparethe
performanceof the piecewise-linearandhp-FEM. The solution,gradientof the solution
andthemeshesareshown in Figs. B.15– B.19. An ef�ciency comparisonis presentedin
TableB.3.
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FigureB.14 Computationaldomainof thecone-sphereproblem.
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FigureB.15 Solutionof thecone-sphereproblem(theelectricpotential' ).

FigureB.16 Detail of thesingularityof jE j = j � r ' j at thetip of thecone(zoom= 100,000).
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Figure B.17 The hp-mesh± global view. Large seventh-orderelementsare usedfar from the
singularityandsmallquadraticelementsat thetip of thecone.

FigureB.18 Thehp-mesh± detailof thetip of thecone(zoom= 100,000).
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Figure B.19 Thepiecewise-linearmesh.This meshwasuniformly re®nedfor thecomputationin
orderto attaintheprescribedaccuracy (eachedgewassubdividedinto 48).

An ef�ciency comparisonis shown in TableB.3.

linearelements hp-elements

DOF 488542 3317
Error 0.5858% 0.2804%
Iterations 859 44
CPUtime 30min. 10.53sec.

TableB.3 Comparisonof thenumberof DOF, relativeerrorin theH 1-norm,numberof
iterationsof thematrix solver andtheCPU-time.



THE HIGH-PERFORMANCE MODULAR FEM SYSTEM HERMES 461

B.2.7 Example 4: Electr ostatic micr omotor problem

Thiscomputationis rootedin theconstructionof electrostaticmicromotors. Thesedevices,
whicharecapableof transformingtheelectricenergy into motionanalogouslyto standard
electromotors,donotcontainany coilsor electriccircuitsthatcouldbedestroyedby strong
electromagneticwaves.Thegoalof thiscomputationis ahighly-accurateapproximationof
thedistributionof theelectric�eld in adomaincontainingtwo electrodesandathin object
placedbetweenthem. Theproblemis plane-symmetric,andFig. B.20 shows onehalf of
thedomain
 .
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FigureB.20 Computationaldomain(thescalingwasadjusted,but truemeasuresin millimetersare
provided). Theelectrodeis modeledvia a Dirichlet boundarycondition.

Thegraysubdomain
 2 representsthemovingpartof thedevice,whilethewhitesubdomain

 2 representsthe electrodesthatare�x ed. The distribution of theelectricpotential' is
governedby theequation(7.27),

�r � (� r (x )r ' (x )) = 0 in 
 ;

equippedwith theDirichlet boundaryconditions

' = 0 V on � 1;

and
' = 50V on � 2:

Therelativepermittivity � r is piecewise-constant,� = 1 in 
 1 and� = 10 in 
 2. We solve
theproblemtwice, usingthepiecewise-linearandhp-FEM. Thesolution,gradientof the
solution,a-posteriorierrorestimatebasedonareferencesolution(obtainedonauniformly
hp-re�ned mesh)andthemeshesareshownin Figs. B.21–B.23. An ef�ciency comparison
is presentedin TableB.4.
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Figure B.21 Solutionof the micromotorproblem. Top: electricpotential' (zoom= 1 and6).
Bottom left: detail view of thesingularityof jE j = j � r ' j at a cornerof theelectrode(zoom=
1000).Bottomright: Error estimatebasedon areferencesolution(zoom= 1000).
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Figure B.22 Thehp-mesh(zoom= 1, 6, 50,1000). Largesixth-orderelementsareusedfar from
theelectrodesandsmallquadraticelementsareplacedat there-entrantcorners.



464 SOFTWARE AND EXAMPLES

Figure B.23 This piecewise-linearmeshwasuniformly re®nedfor the computationin order to
achieve therequestedaccuracy (eachedgewassubdividedinto 44) (zoom= 1 and6).

An ef�ciency comparisonis shown in TableB.4.

linearelements hp-elements

DOF 472384 4511
Error 0.2024% 0.173%
Iterations 387 71
CPUtime 32min. 17sec.

TableB.4 Comparisonof thenumberof DOF, relativeerrorin theH 1-norm,numberof
iterationsof thematrix solver andtheCPU-time.
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B.2.8 Example 5: Electr omagnetics diffraction problem

Thelastexampletakenfrom [76] is concernedwith anelectromagneticdiffractionproblem
in thedomain
 = (� 10; 10)2 n(0; 10) � (� 10; 0) with re-entrantcorner. TheMaxwell's
moduleof HERMES(seeParagraphB.2.3) is employed to discretizethe time-harmonic
Maxwell'sequationsby meansof hierarchichp edgeelements.Theedgeelementsusethe
samehp-FEM kernelasthe elliptic modulethat wasdescribedin ParagraphB.2.2. The
technologyof thehierarchicedgeelementsis slightly differentfrom theN�ed�elecelements.
Thehierarchicvector-valuedshapefunctionsusedin HERMEScanbefoundin [111]. The
referencetransformation(7.115)derivedin Paragraph7.5.2is usedwithoutchanges.

Theprobleminvolvesperfectperfectconductingboundaryconditionsontheedgesmeet-
ing at there-entrantcorner, andimpedanceboundaryconditionsontherestof theboundary
(see[76] for their exactde�nition). Theexactsolutionto thisproblemis givenby

E (x ) = �r � J � (r ) cos(�� ); r (x ) =
q

x2
1 + x2

2; (B.8)

wherethe symbol �r = (@=@x2; � @=@x1)T standsfor thevector-valuedcurl, � = 2=3,
J � is theBesselfunctionof the�rst kind, and(r; � ) arethecylindrical coordinatesin the
plane. Theexactsolution(whosesingularitywastruncatedfor visualizationpurposes)is
depictedin Fig. B.24. We donot show theapproximatesolutions,sincethey areoptically
identicalto theexactone. Figs. B.25andB.26show thehp-meshandlowest-ordermesh
consistingof theWhitney elements.An ef�ciency comparisonis shown in TableB.5.

Figure B.24 The exact solution to the diffraction problem(the magnitudeof the phasorof the
electromagnetic®eld jE j). The singularityat the re-entrantcornerwastruncatedfor visualization
purposes.

Thisexamplecanbeusedtomakeanotherimportant observation: Theasymptoticexpansion
of theexactsolution(B.8) at r = 0 revealsa singularityO(r � 4=3), which is toostrongfor
E to lie in the space[H 1(
)] 2. Thus,gettingbackto what we saidat the beginning of
Section7.5,noGalerkinsequencecouldbeconstructedusingsubspacesof [H 1(
)] 2.
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FigureB.25 Thehp-meshconsistingof hierarchicedgeelements.

Figure B.26 The meshconsistingof the lowest-order(Whitney) edgeelements.This meshwas
uniformly re®nedfor thecomputation(eachedgewassplit into 10).

Whitney edgeelements hp edgeelements

DOF 2586540 4324
Error 0.6445% 0.6211%
CPUtime 21.2min. 2.49sec.

TableB.5 Comparisonof thenumberof DOF, relativeerrorin theH (curl) -normandthe
CPU-time.


